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ABSTRACT 
A study is made of operator-valued representations 
of uniform algebras with the object of obtaining 
extensions of the von Neumann inequality for polynomials 
of contractions on Hubert spaces. 	In the two- 
variable case sufficient conditions are obtained on 
the spectral sets of operators in order that they 
induce contractive operator-valued representations of 
certain uniform algebras. 	Subsequently a general 
dilation theorem is proven for normal operators and 
H °° - functional calculi are developed for some classes of 
operators. 
Finally it isshown that the class, of Q-algebras 
does not contain all the singly generated operator 
algebras that are semisimple. 
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CHAPTER 1 
PRELIMINARIES 
The following notation will be used for subsets of the 
complex plane 
= {z : Izi <. i}, 
D= {z : Izi < i}, 
r= {z: jz =i}, 
for any X C C, 3X will denote the topological boundary of X 
and the Cartesian product of n copies of X will-be 
written X 
Let B(H) denote the Banach algebra of all bounded 
linear transformations (or "operators") on a complex Hubert 
space H. 	Elements of B(H) of norm not greater than 1 
are referred to as contractions. 
In 1951 von Neumann [18] showed that for any contraction 
T E B(H), 
11p(T)II < sup{p(z)J : zeL} 	 (i) 
for all polynomials p with complex coefficients. 
A converse of this is also true; Foias [6] proved that if 
for any polynomial p with complex coefficients and any 
contraction T on a complex Banach space H the inequality 
(1) holds, then H is necessarily a Hilbert space. 
In general, n commuting contractions T 1 ,T 2 , .. .,TEB(H) 
are said to satisfy the von Neumann inequality if for any 
polynomial p in n variables, 
IIp(T i , T 2 , ... , T)II1I!pL= sup {p(z1,z2,...,zdi: 
t 	(k = 1,2,...,n)} 
A simple proof of (i) follows from a well-known dilation 
theorem due to Sz.-Nagy (see [191) 
if T c B(H) is a contraction, then there exists a. 
unitary operator U € BM, for some Hubert space K 
containing H, such that 
nn 
T = P H U 	
H 	 n=O,1,2,... 
where P 	 is the orthogonal projection on H. 
If p is any polynomial, then by the spectral theorem for 
unitary operators, 
p(T) = PH(5p(z) dE) IH, 
where E is the spectral measure of U. 	For h,k € H 
(IIhlt,JIkIl < 1), 
I <p(T)h,k>= IJp(z) <dEh,k>I 
< sup {Jp(z) I : z Er }II hillikil , 
and (i) follows. 	Furthermore, U is called the minimal 
unitary dilation of T if K is the closed linear span of 
{U'H : n = 0,±1,±2 9 ...}. 	For any contraction T its 
minimal unitary dilation is unique up to isomorphism. 
Now let T 1 ,T 2 € B(H) be two commuting contractions. 
A theorem of Ando (see {191) shows that there exist commuting 
unitary operators u 1 ,U 2 E BM, for some Hilbert space K 
containing H, such that 
TT 	= H UU IH 	n,m = 0,1,2,... 
where P 	 is the orthogonal projection on H. 	As for the 
single-operator case it follows that the contractions T 1 ,T 2 
satisfy the two-variable von Neumann inequality. 	The pair 
is called a minimal unitary dilation of the pair ,  T 1 ,T 2 
if K is the closed linear span of {uu'H : n,m = 0,±1,±2,...}. 
In contrast to the single-operator case, the minimal unitary 
dilation is not necessarily unique up to isomorphism. 
In general, however, it was shown by Varopoulos [22] 
that for sets of more than two commuting contractions the von 
Neumann inequality fails to be true. 	For n = 3 specific 
counterexamples have independently been given by Kaijser and 
Varopoulos (see [23]) and Crabb and Davie (see []). 
Let X be a compact Hausdorff space and let c(x) 
denote the Banach algebra of all continuous complex-valued 
functions on X with the supremum norm. 	A closed 
subalgebra of c(x) is called a uniform algebra. 	For a 
compact subset X of C" let R(X) be the uniform algebra 
of all functions in c(x) that can be approximated uniformly 
on X by rational functions that are analytic on a neighbour- 
hood of X. 	Let CR(X)  denote the real-valued functions 
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in c(x) and let H10(XO)  be the collection of all bounded 
analytic functions on the interior X ° of X with the 
following norm 
IIfIL= sup {If(z i , z 2 ,...,zn )I: (z1,z2, ... ,z) 	x°}. 
1 • 1 D E FINITION 	A compact subset X of C 	 is said 
to be a joint spectral set for the n-tuple (T 1 ,T 2 , .... T) of 
commuting operators in B(H) if 
(i) cT(T 1 ,T2 ,...,T) c X, where r(T 1 ,T 2 ,...,T) denotes 
the joint spectrum of 	(T 1 ,T
29
...,T); and 
(2) 	IJf(T1 ,T 2 , . . . ,T) 	1 lifIl 	= sup { If(z 1 ,z 2 , . .. , z) 
(z 1 ,z 2 ,...,z) € x} 
for all rational functions f that are analytic on a 
neighbourhood of X. 
For the case n = 1 we refer to X C C as a spectral set of T i . 
For n = 1,2 the n-variable von Neumann inequality shows 
that the closed unit disc in C (respectively, the closed 
bidisc in C 2 ) is a spectral set (joint spectral set) for any 
contraction (pair of commuting contractions). 
In Chapter 2 we consider conditions under which the 
Cartesian product of two compact sets of complex numbers is 
a joint spectral set for a pair of commuting operators, thus 
extending the abovementioned results for the bidisc. 	In 
connection with this a dilation theorem for normal operators 
is proven. 
Chapter 3 is devoted to obtaining extensions of 
H-functional calculi for commuting contractions. 	In 
particular we develop a single-variable H0Ofunctional calculus 
for some class of operators with a mild restriction on their 
spectral sets, and, in the two-variable case, for some pairs 
of operators with more severe restrictions on their spectral 
sets. 
In Chapter 4 we generalize results by Varopoulos 
concerning cases for which the von Neumann inequality does 
not hold. 	This leads to the construction of a semisimple 
singly generated operator algebra that fails to be a Q-algebra. 
First we introduce some well-known concepts that will 
be used. 	Let A be a uniform algebra on X and let P 
be a homomorphism of A into C. 	A representing measure 
for S' is a probability measure m on X, such that 
9' (u) = 5u dm , 	 u E A 
The set of all such representing measures for J' will be 
denoted by N9,. 	A set B c X is called 9'-null if m(B) =0 
for all m e N, and a measure ,-' is J4,-absolutely 
continuous if it vanishes on every ¶-null set. 	The measure 
p is N,-singular if it is concentrated on a ¶-null set. 
Every finite measure F on X has a unique c-decomposition 
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(2) 
where }* 	is N,-absolutely continuous and )l 	is 
N f,-singular. 	Two elements 9 and ¶ of the maximal 
ideal space .M(A) of A are said to be equivalent if there 
exists a constant c > 0 such that 	 - 
< u(0)/u(9P) < c 
whenever u 	Re(A), u > 0 . 	This defines an equivalence 
relation on N(A) and the resulting equivalence classes are 
called the Gleason parts of M(A). 	It was proven by 
Glicksberg that if 0 and P are in the same Gleason part 
of N(A), then the O-decompositidn of F coincides with its 
'F-decomposition. 	If 0 and 9 are in different Gleason 
parts, then the component Ha in (2) is N9 -singular. 
This justifies saying that (2) is the decomposition of 
with respect to the Gleason part G ('Fe- G), and that ra 
is G-absolutely continuous and r s is G-singular. 
Let X be a compact Hausdorff space and suppose A is 
a uniform algebra on X. 	Then A is called Dirichiet on 
X--if Re(A) is uniformly dense in CR(X), and A is called 
a Dirichiet algebra if A is Dirichlet on its Shilov boundary. 
If X is a compact subset of the complex plane the 
Shilov boundary of R(X) coincides with the topological 
boundary ZX of X and hence we always implicitly refer to 
R(x)Jax whenever R(x) is a Dirichiet algebra. 	The 
following result by Gamelin and Garnett (see [8]) characterizes 
the Dirichlet algebra R(X) 
1.2 THEOREM 	Let X be a compact subset of the complex 
plane. 	Then R(X) is a Dirichiet algebra if and only if 
(i) R(X) = c(x) 
each component of X
0 
 is simply connected, and 
R(X) is pointwise boundedly dense in H00(XO) (i.e. 
each f e H(X° ) can be approximated pointwise on X ° 
by a sequence in R(X) that is bounded by IlfiL,). 
In particular, if X is a compact subset of the complex 
plane that is finitely connected (i.e. the complement of X 
consists of a finite number of components), then R(X) is 
pointwise boundedly dense in H' ° ( x° ) ( see [7], VI 5.3). 
As an example, if 'X = {z €.L : 	- 1/21 > 1/21 then 
is not simply connected, yet R(X) is a Dirichiet algebra 
(see [71,vI 4.7). 
If A is a uniform algebra and H is a Hubert space 
the mapping V : A --> B(H) is called a representation of A 
if V is an algebra homomorphism such that for some fixed 
positive number K, 
IIv(u)II < dUll , 	 u 	A. 
Without loss of generality we assume v(i) = I. 	We call the 
representation contractive if K = 1. 	It follows that if 
X c C 	 is a joint spectral set for the n-tuple 
(T1T2•••Tn) of operators in B(H), there exists a unique 
contractive representation V: R(X) - B(H) that extends 
the homomorphism f— f(T1T2*••Tn) on all rational 
functions which are analytic on a neighbourhood of X. 	For 
example, the closed unit disc is a spectral set for any 
contraction T, hence T induces a unique contractive 
representation of the disc algebra. 
If there exists a linear mapping V: A —>B(H), such 
that for some K > 0 , 
IIV(u)II :~ K hull , 	 u €A, 
then the Hahn-Banach extension theorem and Riesz representation 
theorem imply that there exist measures p 	(x,y 6 H)
xy 
such that 
hIPjI 	< K IxJJI y Pl 	for x,y e H, 	and 
<V(u)x,y> = Ju dPxy 	 u € A, x,y € H. 
The measures p 
xy  are called elementary measures of V. 
For a survey of results on representations of uniform 
algebras induced by contractions, see [17] . 
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CHAPTER 2 
JOINT SPECTRAL SETS 
In this chapter we are concerned with the following 
Problem: 	assuming S,T E B(H) are commuting operators on 
some Hubert space H with spectral sets X and Y 
respectively, does it follow that X'Y is a joint spectral 
set for the pair (S,T) ? 
If X = Y = A , then the answer is affirmative by the 
remarks in Chapter 1. 	Assume throughout this chapter 
that S,T G.. B(H) are commuting operators with spectral sets 
X and Y respectively. 	Two general results were obtained 
by Dash [4],  viz. 
2.1 THEOREM 	If S and T doubly commute (i.e. ST= TS 
and ST* = T*S) and the complement of Y is connected, then 
XXY is a joint spectral set for (S,T) 
2.2 THEOREM 	If the complement of each of X and Y 
is connected and if the boundary of each of the components of 
their interiors is a simple closed curve, then XXY is a 
joint spectral set for (S,T). 
We need the following 
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2.3 LEMMA (Janas [ii]) Let A and B be uniform 
algebras on the compact Hausdorff spaces X and Y 
respectively. 	Suppose B is a Dirichiet algebra. 	Let 
V : A --> B(H) be a representation of A such that for some 
positive N, 	11V(v)11 :~ Milvil 	for v 6 A. 	Suppose 
that W: B - B(H) is a contractive representation of. B. 
If the representations V and •W doubly commute (i.e. for 
v€ Aand weB, 
V(v)W(w) = W(w)V(v) and 
V(v)W( w)* = W(w)*V(v) 	) 
then there is a unique representation U: A® B - B(H) 
(where A®B denotes the completion of A®B in c(xxY)), 
such that 
IIu(u)lI I Muj 	for ue A®B , and 
U(vkwk) = 	V(vk)W(wk) for Vk6 A, WkE  B. 
An application of this lemma will yield a generalization 
of 2.1 . 	 Let R(Y) be a Dirichiet algebra. 	Let V be 
the representation of R(X) induced by S, and suppose W 
is the representation of R(Y) that is induced by T. 
Furthermore, R(X)® R(Y) c R(X)(Y), and it is known that 
R(X) ® R(Y) = Q, where Q = {h € c(xY) : the mappings 
x'-3'h(x,y) (for each yE.Y) and y—h(x,y) (for each xeX) are 
in R(X) and n(Y) respectively}, (see [7], viii). 	Hence 
Q = R(X)®R(Y) c R(xxy) 
so R(x) 	R(Y) = R(XXY). 	Thus by the remark that follows 
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1.2 we obtain an extension of 2.1 
2.4 THE OREN 	If S and T doubly commute and R(Y) 
is a Dirichiet algebra, then XXY is a joint spectral set 
- 	for (s,T). 
In what follows the objective will be to prove 2.10, 
thus generalizing 2.2 . 	Suppose U is a bounded region 
in the complex plane and f E CR(U), then for each z E U 
there exists a probability measure 	on 3 	(the harmonic 
measure for z) such that if we define 
f(z) =Jau  I dJ 
	 Z 6 U, 
then f is a bounded harmonic function on U and 
lim f(z) = f(z 0 ) 	 (€ U) 
z-z o 
for all z 6 ZUNE, 	where E is a subset of 3U of 
0 
capacity zero. 	Furthermore, Pz is unique in the sense 
that if 	' and p are two harmonic measures on U for 
U, the: it (see [20], III 44). 
Let z 1 ,z 2 6 U, then Harnack's inequalities imply 
that there exists some c > 0, such that 
c 1 P < IJ 	< c4 
z i- I - 	I 
Thus ., and 	define isomorphic L-spaces. 	If z2 
f 6 L 1 () where x € U, put 	(z) = $f d.i , 	z € U. 
If there exists a sequence (f ) n 	
in C(U) such that 
f — f (n —oo) in L 1 ( J)., then 1n>  f (n--o A uniformly 
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on U, where f is harmonic on U. 
In particular, for the case when U is connected, it 
follows from [20], I 11 that the abovementioned set E is 
empty. 
Suppose 	is a o-algebra of subsets of the space Y. 
The mapping F : ---> B(H) is called a semi-spectral measure 
if for each h € H, 	cT—'<F(cr)h,h> 	defines a finite 
positive measure on '8 . 	The operator-valued function 
A : Y - B(H) is called simple if 
A(y) = 	R. X (y) 
j1 	3 
where R E B(H) and 	 e 	is a partition of Y. 
The bounded function A: Y --->B(H)  is called s-measurable if 
there exists a sequence (An)  of simple functions such that 
sup{IIA(y) - A(y) : y € y} - 0  
given 
The following theorem was proven by Nlak [15]. 
2.5 THEOREM 	Let A: Y --> B(H) be a .B -measurable 
function such that A(y) commutes with F(cr)  for all ye Y 
and crej3 • 	Then 
S Y A(y) dF y  1  <II()II sup{JIA(y)J: y E y}. 
2.6 THEOREM 	If T is a normal operator, then X )( Y 
is a joint spectral set for (S,T). 
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Proof. 	Let V: R(X) —> B(H) be the representation 
induced by • S, and let W: R(Y) - B(H) be the represent-
ation induced by T. 	Let E be the spectral measure of T. 
Suppose v1,v2, ... ,v e R(X) and w 1 ,w2 , . ., WE R(Y), then 
using Fuglede's theorem, 	 - 
IJ.v(vk )w(wk )II = II V(v) S 	dEli 
= llS- v(vk ) wk(Y) dEli 
< sup { iI 	V(vk) wk (y)ii : y 	y} by 2.5 
- 	
= sup {v( w(y) vk )ii : y 
< sup { J: vk(x) wk(Y) 	: (x,y) e x'(Y}. 
Hence the mapping 
U: 	v  Wk 	v(vk ) w(wk ) 
is well-defined and U can be extended to a representation 
of R(X) 	R(Y), such that 
iiu(u)iI I hull 	for u cz R(X)®R(Y). 
Since R(X) & R(Y) = R(X.X.Y), the result follows. 
2.7 LEMMA (Miak [16]) 	Suppose S E B(H) has a spectral 
set X and (Gk)  is the (possibly infinite) sequence of 
components of X° . 	Then 
q 




(i) S 	is a normal operator, o(s) c 	X 
S  	has spectral set Gk  for k > 1 
the representation of R(Gk)  induced by 5k  (k > i) 
has associated elementary measures that are 
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Gk_absolutely continuous. 
Suppose A is a uniform algebra on X and P e M(A). 
The following two lemmas are found in [7], II 7 
2.8 LEMMA 	Suppose E is an F, -set and m(E) = 0 for 
all m E N. 	Then there exists a sequence 	in A, 
such that lIfII < 1 for all n, . 1'n 	o (n— oc') pointwise 
on E and f — 1 a.e. (m) for all m E 
2.9 LEMMA 	Suppose K is a weak-star compact convex set 
of positive measures on X. 	If the measure fJ is 
singular to all elements of K, then there exists an F.--set 
E, such that ll(XE) = 0 and k(E) = 0 for all k € K. 
2.10 THEOREM Let R(X) and R(Y) 	be Dirichiet 
algebras. 	Then X)(Y is a joint spectral set for 	(S,T). 
Proof. 	Assume that Y = Li and G ,G 2 ,... are the 
C4 g!u(). 
components of X 	The first step is to show that T 
reduces each of the subspaces of H which correspond to the 
decomposition of S in 2.7 . 	For any fixed Gk,  the 
representation V: R(X) - B(H) induced by S decomposes 
into the direct sum of two representations of R(X), 
V = V 5 	V 
in which the representation V 5 is G_singular (i.e. V 
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has G.singular elementary measures 	(x,y 6 H)), and 
the representation Va 	Gk_absolutely continuous (i.e. Va 
has Gk  -absolutely continuous elementary measures p (a) xy 
(x,y e H)); see [14]. 	The restriction of S to the 




Since R(X) is a Dirichiet algebra and N therefore 
consists of a unique element r 2, (z E Gk), 2.8 and 2.9 
imply that there exists a norm-bounded sequence (Un) in 
R(X), such that 
u - 1 	a.e. (p) 
and 	 u - 0 pointwise on some set E for 
which 	(E) = 0. 	Let g,h 6 H, then 
J<(u(S) - V(1))g,h>J = J<(V(u) + V(u) - V(1))g,h>J 
< <v(u_1)g,h>J + 
= I 
 
J (u - i) dpI + ISmn dpj 
The first term vanishes as n---> oo. 	Since p 	j.. )J gh 
(s) 	 (5) take 	= gh in 2.9 ; then 	-3 0 
	 I 30 
Ju dpJ— 	0 a.o. (Jp )  as 
Hence the second term also vanishes as n—>, i.e. 
u(S) - V(1) in the weak operator topology. 	This means 
that T commutes with the projections V(1) and v(i). 
By repeated application of these arguments for each Gk to 
the singular representation of each previous decomposition 
it follows that T reduces the subspaces of H that 
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correspond to the decomposition of S in 2.7. 	Hence 
T= 	T  
k=O 
with T 
k S  k = S k 
T 
 k  for k = 0 9 1 9 ... 9 q 
Let fe R(XX), then f(S,T) = 
	
f(Sk,Tk) 	and 
k 0  
IIf(S,T)II = sup IIf'(Sk,Tk)II 
k 
Since S 	is a normal operator it follows from 2.6 that 
11f(S 0 ,T) J < sup{If(z 1 ,z 2 )J : .( z 1 ,z 2 ) 6 DX X Al. 
Since R(X) is a Dirichlet algebra and each component of 
X 0 is simply connected (see 1.2), let 	: Gk —> D be a 
conformal mapping (k = 1,2, ... ,q). 	Fix an arbitrary k. 
There exists a sequence (U n )in R(Gk) that converges 
pointwise to T 	 on Gk,  such that 11u II 	"k 11, for 
all n (see 1.2). 	For zEGk  let 	be the harmonic 
measure on Gk and define H°° (J) to be the weak-star 
closure of R(Gk)  in  L°°(J). 	For g € H00(1J) the 
function g, 
(z) 	Jg dt 1 	 z 	Gk 
denotes the harmonic extension of g on Gk. 	Since 
=F, for any weak-star adherent point of the sequence k 	 the inut bc in LA2 is  Jok-5tox mtr-zob.e, 
(u ) in H)J
)A 
there exists a subsequence (u ) which 
converges to h in the weak-star topology of L°° (). 
Let x,y e H, then for some Gk_absolutely continuous 
measure p ,
xy 
<u(Sk)x, y> = $u dPxy 
Since u n r - 	L() and V z E N. 
since the mapping g --> 	defines an isometric isomorphism 
from if"(j) onto H0O (Gk ) and h 1 = h2 (as elements of 
whenever 	=h = 
If f c R(X)(A) there exist open neighbourhoods U and 
W of X and 	respectively such that f is analytic on 
some neighbourhood of UX,W. 	Also, since R(U)R(W) is 
uniformly dense in R(U'(W) (see discussion preceding 2.4) and 
by the continuity of the two—variable functional calculus for 
functions that are analytic on a neighbourhood of the joint 
spectrum (see [7],III 4) we restrict ourselves to fR(XY.) 
of the form 
f = >1 g . 	 (finite summation) 
j 
with g € R(U) and h E R(W) where U(W is some open 
neighbourhood of X'(L.. 
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urn 5(U 	- i7) dp 	= 0 
Hence 
urn <u (sk)x,y> = urn u 	dp 	= f h dp nr 	nr 	 11r 	rr xy xy 
and 
lJh dpi< 	urn sup Ik 	II lix 11 11 y II 
II 	II lixil II 	II 
Also Jh dp xy is independent of the choice of sequence (u) 
Define therefore(Slim u(sk), the limit taken in 
the weak operator topology. 	Then 
(S 
k) II = sup{ If -h dp xy 1 : ) x,Jlyll 	i} 
< ji-ess sup Ihi 
= SUP {k'k (z)l 	z e Gk} 
= 1. 
> By the continuity of the two-variable functionl calculus - for -
functions which are analytic on a neigji-bourhood of the joint 
spectrum (see [iJ, III 4), and s-* 	R(X) ® R() is 
uniformly dense in R(X X .)- 1see the discussion preceding 
2.4), we restrict ourves to f E R(XXA) of the form 
f = 	g. h. 	(finite summation), 
where - ,g ER(X) 	dhj €R()./ 	Then 
f(Sk,Tk) = >1. g.(s) hj(Tk) 
Let q.(z) = g( (P(z)), then q 	is a bounded analytic 
function on D. 	Let (b) 	be a sequence in R(L), 
where 
b(z) = q((i - n-1  )z). n 
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Then, as before, 
—> b.  
in the weak-star topology of LO(m),  where m z is the 
harmonic measure for z £. D on E, and b = q 
If w = '9j 1 (z), then by 	[7], VI 4.3 , 
¶kdt w 	jb(j) dm — Jb. dm = f
j
b 	k dr 
n —>. 	Since 
(bj'?k) _b.'_q.cT_g. 
and 	 g(w) = S 9 i drw 
and since p 	is G -absolutely continuous it follows thatxy 
<b3)((S))x,y> 	
k dPxy 	f g dP 	= 
(n—oo). 
Hence 
1f( 5k ,T0II = sup{I<I g.(S)h.(T) x,y>J : jlxI,yI 	i} 
= sup{Ilim <b(P(S ))h(T)x,y>J:JJxIJ,IlyJJ<1} n 	k  . 
J 
K sup iimsupJ<b 3 ( 'Fk(Sk 	. ))h(Tk)x,y>I n 	 n 
j 
II 	< 1 } 
< sup{1imsup 	191'k (Sk )) h.(Tk)JJ 	Y11 n 
j 
II X11,11 Y11 < 	1 } 
= lim sup jII bk(Sk))h.(Tk ) II 
j 
< 1imsup sup{ III1 	(q((1 - n)z 1 ))h.(z 2 ) 
bq ttL 'O' 
Z 2 € D } tmann 
< sup{ I(z1 ) h.(z 2 )I : ( z1,z2) e G k  X D), by. 
definition of 
< sup{ iI g.(z 1 ) h.(z2) 	(zl,z2) e xx} 
20 
= 	If II. 
Thus X ,' A is a joint spectral set for (s,T). 	For 
arbitrary sets X and Y satisfying the requirements of 
the theorem we first decompose S and T into direct sums 
of operators that correspond to the partitioning of the set 
X (as above). 	Then make a similar decomposition of all 
the component operators in a similar way, corresponding to 
the partitioning of Y. 	The general result follows by 
applying the above reasoning to this double decomposition. 
2.11 REMARK 	Using the notation in 2.10, the 
conformal mapping 97_i : D >Gk yields a bounded sequence 
(h) in R(t) that converges to g in the weak-star 




for x,y E H, 




If we define 	 = lim hfl.((Pk(Sk)), the limit 
taken in the weak operator topology, then 5k 
It seems reasonable to ask whether the joint spectral 
set problem for two commuting operators can be solved for 
spectral sets X and Y whose interiors are multiply 
connected (a possibility not covered by 2.10), as 2.6 
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might suggest. 
The proof of 2.10 consists essentially of decomposing 
the operators S and T into direct sums of restrictions 
to suitable reducing subspaces, in each of which case the 
two-variable von Neumann inequality can be applied. 
Furthermore, the von Neumann inequality is proven by using 
the fact that every contraction VEB(H) has a (strong) 
unitary dilation UeB(K), for some Hubert space K 
containing H, i.e. 
PM = P11 p(U) H 
for all polynomials p, where P11 is the orthogonal 
projection on H. 
It is not known whether in general an operator T E B(H) 
with spectral set Y dilates in the following way, 
f(T) = P11 f(N) I H 	for f € R(Y) 
where N is a normal operator acting on a Hubert space K 
containing H, such that a(N) c 3Y. 	This being - 
generally true might then open the way to an extension of 
2.10 to a wider class of sets for )( and Y. 	Lebow [13] 
showed that such dilations are possible if R(Y) is a 
Dirichiet algebra, and then deduced that for arbitrary T 
(i.e. arbitrary spectral set y) such a dilation is possible 
provided only polynomials f are considered. 
(I.G. Craw recently pointed out to the author that this 
theorem is contained in papers by W.B. Arveson, 
Acta Math., 123 (19 69) and 128 (1972)) 
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The following shows that in a special case the above 
dilation is possible for normal operators. 
2.12 THEOREM 	Let H be a separable Hubert space and 
let T € B(H) be a normal operator with spectral set Y. 
There exists a normal operator N .E B(K) for some Hilbert 
space K containing H, such that 	(N) c Y and 
f(T) = H f(N) IH 	for all f € R(Y). 
Proof. 	Let e,e 1 ,e 2 ,... be an orthonormal basis for H. 
For y €. Y° let 	denote the harmonic measure on Y, and 
for y € Y let 	be the unit mass concentrated at y. 
Hence if f € c(ay), 
J ay. f d 	= J (y) 	for y e Y0 
f(y) 	for y e ZY 
Let E be the spectral measure of T. 	Let K be the 
set of all continuous functions f: 21Y - H where 
f(y) = 	I.' '.(y) e. 	 y € 
3 
and 
O 1 	(J 	1'() 	d(y)) < Z eek> < ° 
For f,g eK, 	f(y) = 	P.(y)e. ' 	g(y) = 	I k (y)ek 
k 
define an inner product < >K 	on K by 
= 	j y(j 	¶(;5 	d(y)) <dEe., ek> . 
This inner product is-well-defined since cf. qç € C(ay) for 
all j,k . 	Let K be the Hubert space obtained from K0 
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by factoring out the subspace if € K : <f,f'>K = o} and by 0. 
taking the completion. 	Denote the inner product on K 
by <>K• 
Define N € B(K) by 
	
(Nf) (y) = yf(y) 	for all y€ Y, 
f e K. 	By definition of the inner product on K it 
follows that for f € K , 
(N
* 
 f) (y) = yf(y) 	for all y e Y. 
Hence N is a normal operator. 	Let I denote the 
identity operator on K and suppose y 	Y. 	Then for 
f € K, 
((N - yl) f)) (z) = (z - y) f(z) 	z 
Define N € B(K) by 
(Nf) (z) = (z - y) 1 f(z) 	for all z € ay, 
f .  E K. 	Then M(N - yl) = I, i.e. 	y V 'Y(N). 
Hence cr(N) C 
Define 	:H —*K 	by h =c. e pc(.)e. 
where 	(h)() = c. for all y E Y. 	It follows that 
is linear, (1 - 1) and norm-preserving. 	Indeed, 
= 	IJ(J 	c.c dA) <Zeek> 
= 	C. c  <e.,ek> j,k 	' 
= IIhI 2 
Hence H can be identified with the set of all elements 
g € K such that g(y) is a fixed element of H, for all 
Let f € R(Y). 	Then f(N)e. = f(.) e. € K 
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and 
<f (N) e. , ek> = S '(S a y f di z ) <dEz 3 e. e k > I  
= 5 y  f(z) <dEe.,ek> 
= <f(T)e. , ek) . 
Hence 	P11 f(N) IH = f(T) for all f € R(Y). 
2.13 COROLLARY 	With the same notation as in 2.12, 
if h  H and x € Y, then Th= xh if and only if 
Nh= xh. 
Proof. 	Suppose 	Nh 	= xh. 	Then 
Jj(T 	- xI)hIJ = 	"RH (N - xI)h 11 
II(N 	- xI)hIJ 
= 	0. 
Suppose 	T h = x h. 	Write N h 	= h 1 	h2 	with h 1 e H 
and 	h 2 
E KeH. Hence 	h1 = PHNh = Th = xh and 
lINhII 2 	= Ix 12 11h112 	+ 	11h2 	
112. Assume that 	h = >1 	p. e.. 
Then 	IlNhll2 = <Nh ,Nh>K 
=fl.5( yy 	d(y) ) <dEe., ek> 
= 	Pj5y 1z1 2 <dEe. , ek> 
= 	 <Te.,Tek> 
= 	IIThII 2 
= 
I x  I2 2 
Hence 	h2 = 0 and so 	N h = x h. 
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2.14 REMARK 	In general one might hope that it is 
possible to drop the commutativity condition on the operators 
T1T2•••Tn -in the von Neumann inequality by making an 
appropriate interpretation of p(T 1 ,T 2 ,...,T) for 
polynomials p in n variables. 	This interpretation 
would be the following: for each monomial zrlzr2zrn 
the corresponding term in p(T 1 ,T2 ,...,T) is given by 
(n) 	Ts( 1 ) Ts( 2 )... 
s 	s(1) 	s(2) 	s(n) 
the summation extending over all permutations s of 
{1,2,...,n}. 	However, Holbrook [io] has constructed a 
counterexample showing that for the case n = 2 the von 
Neumann inequality does not hold for non-commuting 
contractions. 
CHAPTER 3 
H- FUN CTI0NAL CALCULI 
For an operator T E B(H) with spectral set X there 
exists aunique representation R(X) —B(H) that is induced 
by T. 	In this chapter we consider conditions under 
which there exist extensions to H0(X0)  of such representations. 
In 1960 Sz.-Nagy and Foias (see [19]) initiated the 
development of a general H--functional calculus for operators 
on a Hubert space by obtaining a one-variable H °-functional 
calculus for contractions which are completely non-unitary 
(i.e. contractions for which there exist no non-zero 
reducing subspaces restricted to which they are unitary 
operators). 	More precisely, if the contraction T e B(H) 
is completely non-unitary, then for f G. B'° (D) an operator 
f(T) can be defined in such a way that there exists a norm-
decreasing homomorphism H00(D) - B(H) which extends the 
usual definition for polynomials. 	In addition, if (r) 
is a bounded sequence in H° '(D) which converges pointwis.e to 
f on D, then f(T) —f(T) (n —> oo) in the weak operator 
topology. 	This functional calculus is an extension to 
H°°(D) of the representation of the disc algebra induced by T. 
Similar functional calculi for certain classes of 
contractions have subsequently been developed by Briem, Davie 
27 
and Øksendal, Khahn and others (see [171). 	However, 
since all the abovementioned functional calculi involve 
the von Neumann inequality and any contraction has spectral 
set A (which, of course, is a simply connected set) it 
seems worthwile to investigate the existence of such 
functional calculi for operators whose spectral sets are 
multiply connected. 	First we consider the one-variable 
case. 
3.1 THE OREN 	Let T € B(H) be an operator with 
spectral set X such that R(X) is pointwise boundedly 
dense in H°°(X° ) and suppose that T has no non-zero 
reducing subspace H' such that T IH' is a normal operator 
with spectrum contained in X. 	Then there exists an 
algebra homomorphism H°°(X D) 	B(H) (f— f(T)) such that 
(i) p(T) has the usual meaning if p is a polynomial; 
Uf(T)II :~.IIfIL for f E 
if 	sup 	 and the sequence (f) converges 
pointwise to f on X ° , then f(T) — f(T) (n._>o0) 
in the weak operator topology. 
Proof. 	Let (Gk )1be  the (possibly infinite) sequence 
of components of X ° . 	Then by 2.7 and the hypothesis on 
T, there exists the decomposition 
q 
T= 	T  
k=1 
where each T 	has spectral set G . 	 Let f E R(X°) 
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There exists a bounded sequence (u) in R(X) that 
converges pointwise to f on X ° , such that I lull ~ JklL, i1a___________ 	
(k)  for all n (see [7 ] , vI 5.3). For .z e Gk, let 	be 
the harmonic measure on Gk 
. 	 As in the proof of 2.10 we 
obtain a subsequence (u ) which converges to g in the 
r (k) weak-star topology of L (ji 	), where gk = f JG, for 
each k. 	Define 
f(T) = 	f(Tk) 
k=1 
where 	f(T ) = lim u (T ), the limit taken in the weak 
n 	1 r 
operator topology. 
(1) Suppose 	f(x) = 	c x3 is a polynomial. 	Then 
f(x) = f k 	 x Gk. 
But 
C . z 	d(z) = 	c. 5 z 	d(z) = 	c. x. 
Let 
So gk = f on 	for all k. 	Let x = 	Xk, 
k 
= 	
k 6 H, then for some Gk_absolutely continuous 
elementary measures xy 
<f(T)x,y> = 	I <f(T)x,y> 
= 	5 gk dp 	, as in the proof 
	
k 	xy 	 of 2.10 
= >1 c. <Tk3xk,yk> 
k,j 
= <( I c. T 3 )x,y>. 
3 
If 	f€ 
11f(T)II =sip IIf(Tk)ll 
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= sup sup{jJg dP(k) J : 	11 Xkyk 
< sup 
11  IL 
which proves (2). 
As before, since 	f (n-co) pointwise on Xo 
- 
it follows that f - 	(n->°°). in the weak operator 
topology of L G(J(1) , where z 	Gk and gk = f JG 
By repeating the arguments in the proof . of 2.10 we have 
that 	fn(T)_ 	f(T) (n—c.c') in the weak operator 
topology. 
It remains to prove the multiplicativity of the mapping 
H°° (X ° ) - B(H) . 	The proof of this is found in [2]. 
The theorem is complete. 
3.2 REMARKS 	If the set X in 3.1 is symmetric about 








 ), where f(z) = fJ 
This follows from (3) and the fact that (4) is true for 
functions in RM. 
By an earlier observation (following 1.2), 3.1 applies 
in particular when X is finitely connected. 
In the two-variable case Khahn [12] gave the following 
generalization of a H°°-functional calculus for completely 
non-unitary contractions, due to Briem, Davie and Øksendal [2]: 
30 
3.3 THEOREM 	Let T 1 ,T 2 € B(H) be commuting 
contractions and assume 
for x 	 (k) H, there exists a positive measure ' 
on fl (\)(k)<< rn, the Lebesgue measure on 	), such that 
<Tx,x> =. 
S 7 r
d ) (z) 	for r=0,1,2,... (k=1,2); 
there exists no non-zero subspace of H that 
simultaneously reduces T 1 and T 2 and restricted to which 
both T 1 and T2 are unitary. 
Then there exists an algebra homomorphism H00(D2). B(H) 
(f - f(T 1 ,T 2 )) such that (1), (2), (3) of 3.1 hold for 
the two-variable case, as well as 
 f(T1,T2)* = 	i(T,T) where 
 f(T,T) = g(T 1 ) 	if f(z 1 ,z 2 ) = g(z 1 ) 	for 	gH(D). 
3.4 REMARK 	Sz.-Nagy and Foias (see [19],II  6.4) 
proved that the spectral measure of the minimal unitary 
dilation of a completely non-unitary contraction is absolutely 
continuous with respect to Lebesgue measure on r. 	Hence 
any two commuting completely non-unitary contractions 
satisfy the hypotheses of 3.3 
The above theorem extends as follows 
3.5 THEOREM 	Let S,T € B(H) be commuting operators 
with spectral sets X and Y respectively, such that R(X) 
and R(Y) are Dirichlet algebras. 	Assume 
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for x iC H, there exists a positive measure Px on 
x (p is absolutely continuous with respect to the measure 
2 	where G 1 ,G 2 .... are the components of X ° and 
IZk 
	
is the harmonic measure on aX for z k 
	k G ), such 
that 	<u(S)x,x> 	f u djQ for u E R(X) . 	The same 
condition also applies to T and Y. 
there exists no non-zero subspace H' of H that 
simultaneously reduces S and T and such that both S I H' 
and T I H' are normal operators with spectra contained in 
X and 6Y, respectively. 
Then there exists an algebra homomorphism H
00 
(x0  x Yo )----> B(H) 
(f --> f(S,T)), such that (i), (2), (3) of 3.1 hold in 
the two-variable case. 
Proof. 	Assume X ° and Y° each consists of one component, 
and let 	: X° —' D and f': Y° — D be conformal mappings. 
By the arguments in the proof of 2.10 there exists a 
bounded sequence (u) in R(X) that converges pointwise 
to P on X0 1 such that T(S) = lim u(S) in the weak 
operator topology. 	Since H0o(XO)_ B(H) is a 
homomorphism (see 3.1), we have that for x € H and 
r 
= 1m <u(S)rx,x> 
= urn Su r d, 	by (a) 
= 	gdfD 
where 	= T , since 	r<< 	(z £x°) and (u) 
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converges in the weak-star topology to g in L°°(). 
But 
g  dp = 	 d(Cx 	= Sz r  d(fx 	(z), 
where fx <<t'1 	the Lebesgue measure on r, for some 
z E X • 	Hence 	T(S), and similarly T(T) satisfy the 
hypothesis 3.3(a). 
Suppose now there exists a non-zero subspace H' of H such 
that ¶(s) JH' and '4'(T) IH' are unitary operators. Let 
(v) be a bounded sequence in R(), such that 
S = urn v((S)) = 
the limit taken in the weak operator topology. 	Then 
reduces S , for let h E H', then for arbitrary y C H, 
<Sh,y> = urn <V ('f(S))h,y> =<h',y> 
for some h' € H', since 'us) reduces H'. 	Similarly 
S 	reduces H'. 	For x,y E. H', 
<S*  Sx,y> = <Sx,Sy> 
= lg m <v((s))x,Sy> 
= urn urn <v ((S)) x, v(P(S)) y> 
= 11 m lrn <vn (c?(S)) vm (c:P(S)) * x, y>, 
since 'i(s) I H' is unitary. 	It follows that 
<S*S x , y> = <SS* x , y>. 
So S, and similarly T are normal operators on H'. 
Next we show that T(S) and t(T) satisfy the hypothesis 
3.3(b). 	Regard S as an operator on H' and let 
y E cr(s) fl x° . 	For z E X. define g C H ° (X° ) by 
g(z) = (y - z)_1 ((y) - °(z)). 	Then 
33 
(y - z)g(z). =P (y) -(z) 
= urn R(Y) - u(z)) . 
Hence 	(y111 , - s) g(s) = lim (() 'H' - lnr (5)) 
the limit taken in the weak operator topology for some 
subsequence (u ). 	Thus 
y HI- S)g(S) = P(y), - 
If 9'(y) 
'H' — i(s) 	has an inverse V, then g(S)v is 
an inverse for 	y111 , - S, i.e. P(y) E o(p(s)) 
which is a contradiction. 	Then (s) c ox (and similarly 
for T), which contradicts the assumption (b). 	Therefore 
the contractions P(s) and f(T) satisfy 3.3(b) and now 
3.3 may be applied to df(s) and 'f'(T). 	For f E 
define g E H 	2 (D ) by 
-1 	-1 g(z 1 ,z 2 ) 
Define 	f(S,T) = g(P(S),'j'(T)). 	The multiplicativity of 
the mapping H°°(X°)c y° ) —> B(H) follows from 3.3: 
let 	f,g E H°°(X° )( y ° ), then (f g) (S,T) = h((S),'j'(T)) 
where h e H
co 2 
(D ), 
h(z 1 ,z 2 ) = (f g) (q1(z1),f1(z2)) = (h 1 h2 ) (z 1 ,z 2 ) 
with h 1 ,h2 E 1100(D2), 
h 1 (z 1 ,z 2 ) = f(T 1 (z 1 ) 9 r 1 (z 2 )) 
and 	 h2(z 1 ,z 2 ) = g(P 1 (z 1 ),f 1 (z 2 )) 
Apply 3.3, then 	(f g) (s,T) = f(S,T)g(S,T). 
(1) Since H 
0  (x x YO ) — > B(H) is a homomorphism we need 
only show that if p(z 1 ,z 2 ) = Z 1 , say, then p(S,T) 	S. 
By definition, 	p(S,T) = g((P(S),t3?(T)) where 
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g(z1,z2) = p( cP 1 (z 1 ), \1/ ( z 2 )) = CP 1 (z 1 ). 
By 3.3(5) and 2.11, 
p(S,T) = 1P_ 1 (q)(S) 	= s 
(2) 
	
	Let f e ir(x°x y ° ), then if 
g(z 1 ,z 2 ) = f(1(z1),11(z2)) 
IIf(S,T)JI = 
< sup{Ig(z 1 ,z 2 ) 	: 	(z 1 ,z 2 ) € D2 }, by 3.3 
sup{If(w i ,w2 )I : ( w1 ,w2 )€Xy1. 
The property (3) follows from the corresponding result 
in 3.3. 
If the interiors of X and Y each have an arbitrary number 
of components the theorem applies by decomposing S and T 
according to 2.7 , then applying the above to the individual 
components of S and T, and finally putting everything 
together again as in the proof of 2.10. 
At this stage one might hope for a theorem similar 
to 3.1 in the two-variable case for commuting operators 
whose spectral sets have multiply connected interiors. 
The simplest case (where each spectral set is an annulus) 
will be examined. 
Let X = {z e ti : a < Iz! < i} (a > o), and 
f € Hco(XO). 	Since f is analytic on X° there exists 
a unique decomposition f = g + h, where g is analytic 
on D, h is analytic on D(a,00) = 1z rz C : IzI > a} and 
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h(o) = 0. 	For r satisfying 	a < r < 1, 
sup{Jg(z)J : Izi < i} < supg(z)j: IzI < r} 
+ sup{Jh(z)J : r < Izi < i} 
+ sup{Jf(z)I : r < Izi < i} 
Since £ 	H°° (X° ), the right hand side of the inequality is 
finite and thus g € H°° (D). 	Similarly, h E H'°(D(a,00)). 
Then 
	
g(z) = 	(2i)_1111 ( 	z) 	f() d, 	Izi < 1 
f(z) + (27ri) - 1  Sit I 	( - z) 	f() d, 1z1>a. 
For a< IzI< 1, 
Jg(z) I< 	a sup {I()( 	- z)_ h l 	I 	a, Izi =i} 
= (1 + a(1 - a)_1) 	11
00  
= (i - a)_1 lIfII 
Hence JjgJJ< 	(i - 	 IIfJL . 	 Also 
lIhIL = sup{Ih(z)J : z E D(a,Oo)} 
~. 
 
11f 11,,. + sup{Jg(z) I : a < Iz 1< i} 
< (i + (1 - a)1.) Jf 11 00  
= (2 - a)(1 - a)1 11  II 
3.6 THEOREM 	Let S,T E B(H) be commuting contractions 
with spectral sets X and Y respectively, 
x = {z 	a < IzI< i} (a > 0), 
Y = {z c 	b < Izi < 11 (b > o). 
Suppose that there exi; 3ts no non-zero reducing subspace of H 
restricted to which S is a normal operator whose spectrum 
is contained in bX, and suppose T satisfies a similar 
condition. 	Then there exists an algebra homomorphism 
H(X° $ YO ) — B(H) (f — ' f(S,T)) such that (i) and (3) 
of 3.1 hold for the two-variable case, as well as 
•(2) JJf(S,T)IJ < c(a,b) hf IL, 	f € H°(x°)cY°) 
where c(a,b) is a constant depending on a and b; 
(4) f(s,T) = ?(S*,T*), where 	(z 1 ,z 2 ) = f( 1 , 2 ) 
Proof. 	Let ?: D(a,00) - D (z -->az), 
¼11: D(b,00) —ID 	(z —> bz 1 ) 
be conformal mappings. 	The operators S,T,(S) and 't'(T) 
are completely non-unitary commuting contractions; ¶(s) and 
are completely non-unitary by an argument in the proof 
of 3.5 . 	 Let f E H00(X ° )( y° ) , then f decomposes 
uniquely f = g 1 + g2 , where g1 
92 C_ H.0(D(a,)(Y0) and g2 (co ,y) = 0 for all ye Y° . 
Moreover, 
1Ig1 II .0 	(1 - a)1 hf IL0 
and 	 II 2 I < (2 - a)(1 - a)_1 hf 
Similarly, 	91 = f 1 + f 2 , 92 = f 3 + f4 uniquely, where 
e H"'(D 2 ), f2 E H°°(DcD(b,00)), f 3 E H°°(D(a,00)(D) and 
f4 e B ° (D(a,o)XD(b,)), and f2 (z,.o) = 0 for z C D, 
f4 (z,OQ) = 0 for z C D(a,°o). 	Hence 
1f 1 	(i -b1g1 IL ~. (i - a) - ' (1  - b) 	hf ILand 
similarly, hf 2  ILi (2-b)(1 -a)(1 -b) 1  Jhf JI, 
hf 3  IL < (2- a)(1 - a)1(1 - b) 	11  1 100 9  
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11f 4  11 < (2-a)(2-b)(1 	a)1(1 b)1 IIfL. 
By applying the Briem, Davie, Øksendal-functiona]. calculus 
(see [21), the operators 	fk(S,T) E B(H), k = 1,2,3,4 
are defined by (e.g.) 
f 2 (s,T) = 
since f2 (z 1 ,'r 1 (z2 )) is a function in H00(D2). 	Let 
f(S,T) = 
There exists a sequence (h n) in R(X)cY) which converges 
pointwise to f on X 0 S Y° such that IIhn II ~. iIfIL, foi 
all n (see [1]) . 	 For all n, 
h (  n) 





	 g)E R(D(a,00) 	D(b,)) and for 
each k, gi 	f k 	(no0) pointwise on the interior 
of the particular set. 
Since 	sup IIg'JI < oo and 	fk(S,T) = lim g ' (s,T) in 
the weak operator topology (k = 1,2, 3,4), property (i) 
trivially follows by decomposing a polynomial p in two 
variables, 
p=p 1 +0+0+0, 
and applying the functional calculus in [2] to p 1 
(2) 	Let f € H°° (X ° ( Y° ), then 
I!f(S,T) JJ = sup { J< 	f(S,T) x,y> 	: IIx 	IIyIJ 	i} 
<lm 	II()JJ 
(n) <urn 	II gk II k=1 
< ( (1 - b)1(1 - a)1 + (2- b)(1 - a)_1(1 - b)_1 
+ (2-a)(1 a)1(1 -b1 
+ (2-a)(2-b)(1 a)1(1 -b) 1 .) urn JJh 
• 	 < (3- a)(3-b)(i - a)1(1 -b 1  1k IL 
= c(a,b) hf IL, 
where the constant c(a,b) > 9. 
Property (3) follows by decomposing each element of a 
bounded pointwise converging sequence in H°° (X ° Y, y° ) into 
four parts 'to which the functional calculus of [2] is 
applied separately. 
• 	(4) Letting 	f 	f 	and f(z 1 ,z2 ) = f( 1 , 2 ) 
f(S,T)* = > fk (s,T) * = > 1') = 
• 	 k 	 k 
by what was proven in [2]. 	As in 3.5, the mapping 
f'— f(S,T) is multiplicative. 	The proof is complete. 
3.7 REMARK 	It is not known whether it is possible to 
develop an H a-functional calculus in which the constant 
c(a,b) is identically 1, or, at least independent of 
the nature of the multiply connected spectral sets X and 
Y. 	A solution of the joint spectral set problem in 
Chapter 2 for such spectral sets X and Y would imply 
that a functional calculus exists. 
We conclude this chaptr by mentioning a result 
(i.e. 3.10) which is easy to prove once the methods 
used in the proofs of 2.10 and 3.5 are known. 
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- 	Suppose X and Y are compact subsets of the complex 
plane, with F 1 ,F2 ,... 	the components of X 0 and 
the components of Y° . 	Let 	be the 
Xk 
harmonic measure on X for x,
K  E F k; let V 	 be theYk
harmonic measure on aY for Yk E Gk 
Define 
k=1 	X  
and 	 > 
k=1 
Then ") and X are positive measures on X and ZY 
respectively. 	Let JJ denote the product measure of \) 
and >\ on aX $.Y. 	Then H(X° XY° ) can be identified 
with H(A), the weak-star closure of R(X)(Y) in L ° (V) 
(see [7],vIII ii), wn R(X) ocL 	I) OSQ 	rtthtct. 
3.8 DEFINITION 	A function f € H(X ° Y° ) is outer 
if {fh: h € R(X)(Y)} is dense in H(X ° )(Yo ) in the 
weak-star topology of Lco (r). 
Briem, Davie and Øksendal [2] proved 
3.9 THEOREM 	(i) Let f E H00(D2) be outer and suppose 
S,T E B(H) are commuting completely non-unitary contractions. 
Then f(S,T) is (i - 1) and has dense range. 
(2) Suppose I € H_ (D ) is not outer, then there exist 
commuting contractions S and T that are completely non- 
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unitary with f(S,T). = 0 
3.10 THEOREM 	(i) Let S,T E B(H) be commuting 
operators with spectral sets X and Y such that R(X) and 
R(Y) are Dirichiet algebras. 
(*) Suppose S has no non-zero reducing subspace restricted 
to which it is a normal operator whose spectrum is contained 
in bX ; and suppose P satisfies a similar condition. 
Then if f E H°°(X° )( Y° ) is outer, f(S,T) is (1 - 1) and 
has dense range. 
(2) Suppose X and 
plane such that R(X) 
If f E H"°(X° )cyo ) is 
I operators S f  ,T € B(H)  
satisfying (*) such th 
Y are compact subsets of the complex 
and R(Y) are Dirichiet algebras. 
not outer, there exist commuting 
with spectral sets X and Y 
t f(S',T') = 0. 
Sketch of the proof. 	Without loss of generality we may 
restrict ourselves to the case where X° and Y° consist of 
one component each, as in the proofs of 2.10 and 3.5 
(r 	0 	 . 	ti) 	0 Let -r : X —> D and T : Y — D be conformal mappings. 
Let f E H(X° $Y° ) and 	g(z 1 ,z2 ) = f( 1 (z 1 ),'f(z 2 )) 
Then g e 1°(D ). 	Furthermore, f is outer if .and only 
if. g is outer. 	If g is not outer, 3.9(2) implies 
that there exist commuting completely non-unitary operators 
U,V with g(U,V) = 0. 	Define commuting operators 
s'P(u), T ' ='r(v) as in the proof of 2.10. 	From 
41 
methods used in the proof of 3.5 it follows that S,T 
satisfy (*). 	Now apply 3.9(1)to(S),'fCfland g € H°°(D2). 
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CHAPTER 4 
SINGLY GENERATED OPERATOR ALGEBRAS 
A Banach algebra is called an operator algebra if it 
can be identified topologically with a closed subalgebra of 
B(H), for some Hubert space H. 	A commutative Banach 
algebra A is said to be a Q-algebra if there. exist a 
uniform algebra B and a closed ideal I of B such that 
A is isomorphic to B/I . 	By a result due to Cole 
(see [5]), such a quotient algebra B/I is isometrically 
isomorphic to a subalgebra of B(H), for some Hubert 
space H. 
In particular, the semisimple -algebras are 
characterized as those Banach algebras that are isomorphic 
to restriction algebras of uniform algebras to closed 
subsets of the maximal ideal space. 	A general 
characterization of Q-algebras in terms of polynomial 
inequalities is due to Craw (see [51) 
4.1 LEMMA 	A is a Q-algebra if and only if there exist 
positive numbers N and d such that whenever 
a1,a2, ... ,a n c A with MaI < d 	for all k, 	and P is 
a complex polynomial in n variables without constant term 
satisfying 	JP(z 1 ,z 2 .,...,z)I< 1 whenever IZk I < 1 for 
all k, then 	11 P(a 1  ,a2 , . . . ,a) II <. N 
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Examples of Q-algebras are 1p. for 1 < p <oo under 
coordinate-wise multiplication and cn[o,i] for every 
positive integer n. 	For all this and further information 
on Q-algebras, see [5] and [21]. 
Recently Varopoulos constructed a semisimple operator 
algebra that fails to be a Q-algebra. 	In this chapter we 
prove the existence of a semisimple singly generated operator 
algebra which is not a Q-algebra. 	Our methods are 
different from those of Varopoulos. 
The following theorem is due to Varopoulos [23] 
4.2 THE OREN 	For every N> 0 there exist finitely 
many commuting contractions UiTJ2•••Ur  e B(H) on some 
complex Hilbert space 
11M'  satisfying U. U. U. U. = 0 i J2 J3 34 
for j 1 ,j 2 ,j 3 ,j 4 	1,2, ...,r , and there exists a complex 
homogeneous polynomial P 
N  of degree 3 in r=r(M) 
variables such that 
II P(U 1  9 U2 , . . . ,U) II > N "EM L 
From this theorem and Craw's criterion (4.1) it 
follows that there exist commutative operator algebras that 
are not -algebras. 	Another consequence of 4.2 is the 
Some 
fact that in general the von Neumann inequality fails for An 
commuting contractions (n > 2). 	From 4.5 it will 
follow that in general the von Neumann inequality fails 
even if the n commuting contractions are contained in 
some singly generated operator subalgebra. 
In an addendum to [23], the smallest value n was 
determined for which there exist commuting contractions 
U 9 U21 ...,U 	
and a polynomial p in n 	variables such 
thatp(U 1 ,u 2 , . . . ,U) II > lip It. 	It was shown that
no 	 CQ 
n=3; in particular, 
4.3 THEOREM 	Let H be a five-dimensional Hilbert space 
with orthonormal basis {e,f 1 ,f2 ,f 3 ,g} . 	Let U 1 ,U 2 ,U 3 EB(H) 
be commuting contractions defined by 
U.e = f. , Uf.= 3_1/2g Ujfk= _3_1/2g (jk),U.g=o, 
j,k = 1,2,3. 	Let p be the polynomial 
2 	2 	2 p(z 1 ,z 2 ,z 3 ) = z 1 + z 2 + - 2(z 1 z 2 + z 2 z 3 + z 1 z 3 ). 
Then 
IIp(U 1 ,u 2 ,U 3 )I > 5 = IlpiL 
A similar result, involving an eight-dimensional 
Hilbert space was proven independently by Crabb and Davie []. 
4.4 REMARKS 	(1) Fix an arbitrary €. > 0. 	If N > 0, 
then by 4.2 there exist commuting contractions 
and a complex homogeneous polynomial P A in 
r=r(M(1+) 2 ) variables, such that 
IIP(u,u, ... ,u)II > N(1 + E) 2 JIPj(. 
Let Urn = (1 +E)_h/2 Um, , rn = 1,2, ... ,r . 	By the 
homogeneity of P, 
• 	 II(U i IJ 2 •••Ur )II > N(i 	)h/2 1 1 p , 1  
where U 1 ,1J 2 ,...,U 	are commuting contractions of norm not 
greater than (1 + 
(2) Suppose we have a finite number of simple functions on 
the r-dimensional torus rr . 	Partition the .torus into K 
components such that these simple functions are now defined 
with respect to this (finer) partitioning.. 	Let s be a 
simple function with respect to this partitioning, such that 
the range of s consists of K distinct values and does not 
contain 0. 	Then the algebra generated by the given simple 
functions coincides with the algebra generated by s 
The following theorem generalizes 4.2 
4.5 THE OREN 	For every N> 0 there exist finitely 
many contractions T 1 ,T 2 ,...,T 	in a closed subalgebra of 
B(KN) that is generated by a single element of B(KM) , for 
some complex Hilbert space KM,  and there exists a complex 
homogeneous polynomial P M of degree 3 in r=r(N) 
variables, such that 
IIPN(T l , T 2 ,.••,T)II > NIIPJ JI. 
Proof. 	Let N> 0, then by 4.4(1), 4.2 may be rephrased 
Equivalence follows from Parseval's theorem for functions in 
L 2 ( nt). 
as follows 
(*) for fixed £ > 0, there exist commuting operators 
UiU2•••Ur 6  B(HM) on some complex Hubert space H M, such 
that 	HUM  11 < ( 1+) 	for m 
and 	U. U. U. U. = 0 	for j ,j ,j ,j  
3 i 2 33 34 	 1 2 3 4 
and there exists a complex homogeneous polynomial P 
N  of 
degree 3 in r = r(M) variables such that for some h H  
(lIhil 	1) ' 
IIPM (Tj l ,U 2 ,_.,UT)hIl > 	i(i 	)1'2 Jp JI. 
Let KM = L2(rT). 	For fe K, let f 	denote the 
projection of £ on the span of {z1 i z
2 
 
 •••Zr : j 1 ,...,j>O}. 
Let 	11 2  denote the L 2-norm on KM. 	Define an 
equivalent norm to the L -norm on KM  by 
1k11 2 = llf+ 	1 ,U 2' . 	112 	- 	+ £11fI12 2 
where ) is a sufficiently large positive number. 
- 
For each m = 1,2, ... ,r, 	let the operator V   G  B(KM) 
be multiplication of elements of K M by the m-th coordinate. 
Then 
IIVJ 
f112 = Il(v 1 f+ + ( v 1  f) + -. v f 	)(u ,r.J 2 ,...,U)h 11 2 1+ 1 
+xII V 1 f - ( v 1 f) 112 2 	+ ElIfil 2 
< (1 + €) 11 	1 f) (u 1 ,u2, • "Ur ) h 11 2 
+ (1+E)hl((v 1 f) 	-V1f)(U1,U2, ... 'Ur )h112 
+ >s 11v 1  f - ( v 1  )+ 11 2 2  + E 11f1122 
.47 
~ (i • +€) 11u 1 f+ 	1 ,U2 , ... ,U) h 11 2 
• c(1 + _1) II(v1 f) 	- v 1 f 11 2 2 
• >.IIv 1 f - (v 1 i') 	11 2 	+ E hf 11 2 2 , where the 
positive constant c depends only on r 
:!~ IIf+ 	1,j2.... Ur)h 112 + 	IIV 1 (f -f)hI 2 2 + €j1f11 2 2 , 
by choosing iv > c(i + € ) and since 
(v 1 f) 	- V 1 f 	V1 f - (v 1 f) 
Hence V 1 and similarly also V 2 ,V 3 ,...,V 	are contractions. 
Let P be the polynomial obtained in (*) . 	 If f K 
is the constant function with value (F- + 11h 112)- 1 /2 on 
the torus, then 	hIfII= 1 and 
• 	IIPN(V l  ,V2. ... ,V)hI > IIPM(V l  ,v2 , . . . ,V) f 
> 	(1+e)_1/2 IIPM(U1,U2,...,U)h1I 
> 
Si 	 i 	 2nce the norm of KM s equivalent to the L -norm, each of 
the contractions V 	can be approximated by a multiplication 
operator T  E B(KM) whose multiplier is a simple function 
on  F 	that approximates the multiplier of Vm  uniformly. 
Hence 	T 1 ,T2 ,... ? T 	are commuting contractions such that 
hIPN (T l ,T 2 ,•,T)II > 	MI1PhI. 
By 4.4(2), 	T1 ,T 2 ,...,T 	are contained in a closed 
subalgebra of B(KM) that is generated by a multiplication 
operator 5M B(KN) whose multiplier is a simple function 
on Er . The proof is complete. 
We are now in a position to construct a semisimple singly 
generated operator algebra that is not a Q-algebra. 
More precisely, we mean the following: assume D 1 is chosen 
such that the ranges of the multipliers of SM, and D1SM, +1 
are disjoint. 	Construct a polynomial having zeros the range of 
the multiplier of S 	and think of this, acting on D 1 S 
1 N +1 
as the generator of the algebra containing T' 	, ... 
T(M1) . 	Then construct polynomials in this new generator r(M +1) 
(M'+l and take composition of the polynomials as the required 
For the purposes of the construction it is convenient 
to make certain modifications in the definitions which were 
w.t.hou.t. to of 
introduced in the proof of 4.5. 	Suppose , that the 
multipliers of the operators S  € B(KM) 	(N = 1,2,...) 
have disjoint ranges. 	Fix a positive integer M', then 
by 4.5 there exist a polynomial P MI and contractions 
T ( MI) = g' '(S ) 	B(K ) in 	m 	N' N' 
(N)• 	(N') (m = 1,2,...,r(N')) for some polynomials g 1 
without constant term, such that 
IIPN(T1T2 Tr(Mt))II > N' M'N II.. 
Let D 1 be a constant (D1 > 1) such that for each m, 
	
lJg')(D_1s 	+1)11 < 1 
rp(c.rz 
For the case N = M'+ 1
'A 
 we obtain from 4.5 the polynomials 
(M'+ 1) 	 (M'+ 1) 	(M'+ 1) ,g2 	 + i) such that for each in, 
(N'+l)(D_lS 	 < 1 '1 M , +1 	- 
We then modify these polynomials so that they vanish on the 
range of the multiplier of SN, . ,.. Hence 
(M'+ 1)(S N') = 0 	for each in. 
•  
Next let D2 be a constant (D2 > D 1 ) such that 
(N')(D1 S 	)II < 	1, 	m  Ik 	2 
and 	fl
(N' + i) 
g 	(D- SN, 	2 )H < 1, 	m = 1,2,...,r(N'+1). 
(MI +2)(N'+2) As before there exist polynomials. g 1 
such that for each in, 
choose the constants D1,D2.... such that 




+ 2) II 1 1. II 
By modifying these polynomials in the manner described 
above it follows that 
< 1 
and 11g(N'+2)(D_1 SN , + l )Ii < 1 , 	m = i,2, ... ,r(M'+2). 
Continue this process,'nd let A be the operator algebra 
generated by 	S = SMI ID D1 SNI +.1 ® D1 5N' + 2 
Then 4.1 implies that A is not a Q-algebra. 
It remains to show that A is semisimple. 	Let AN 
be the operator subalgebra of B(KM)  that is generated by SM. 
00 
Since A is an operator subalgebra of 	AN , it is 
M=M' 
sufficient to prove that each AN  is semisimple. 	For if 
each AN is semisimple and x is a non-zero element of 
ED AN , 	(x = ® xN), then 
N 	 N 
ni/n 	. 	 ni/n lim lix 	= urn ( sp XN 	) > ° 
Thus (D AN is semisimple, and similarly A is sernisimple. 
N 
Let the range of the multiplier of S   be positive, then 
is a positive operator on L2 (E"). 	Let Aj be the 
operator subalgebra of B(L2(Er)) generated by SN, then 
AA is semisimple. 	Since by 4.5(*) we may choose € > 1 
in the definition of the norm of KN, and therefore have 
that 
fif 	F_1 	IIfI12 	11 f 112 ' 
it follows that for any polynomial p for which p(SM) 	0, 
50 
imIlp(SNY'II 1/n >.lim Ilp(sN ) fl hI 2 1 ' 	> 0, 
by the semisimplicity of A. 	Hence AN  is semisimple, 
and the construction is complete. 
4.6 THE OREN 	There exist commuting contractions 
T 1 ,T2 ,T 3 in a closed subalgebra of B(K) that is generated 
by a single element of B(K), for some complex Hubert 
space K, and there exists a polynomial p in three 
variables, such that 
IIp(T1 ,T 2 ,T 3 ) II > IIJL0 
The proof of 4.6 follows from 4.3 in the same way 
as the proof of 4.5 follows from 4.2 
From 4.6 it can also be seen that the remark 
preceding 4.3 concerning the smallest number of commuting 
contractions for which the von Neumann inequality does not 
hold, can be extended to commuting contractions which are 
contained in a singly generated operator subalgebra. 
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